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ABSTRACT 

This paper is concerned with the heuris t ic  development 

of the basic features of pulse-frequency modulation, an in- 

formation encoding technique which has  found use in  a num- 

ber  of spaceeraft .  The pr imary advantages have been i ts  

m i s e  -immunity c ia rac te r i s t ics  combined with its ease of 

generation. A description of the present method of format- 

ting and synchronization is presented to  i l lustrate  the con- 

venient handling of both analog and digital data. In the 

detection process  for P F M  signals,  a se t  of contiguous 

unmatched f i l ters  is used to enhance the signal-to-noise 

ratio.  

WkYL r , 1 

T o  examine the effects of Rayleigh noise on the out- 

put of these f i l ters ,  the word-error  probability is derived 

as a function of the energy per  bit, the noise power density, 

and the degree of coding. The same development i s  given 

for the matched-filter case. Experimental resul ts  f rom 

spectral  analyses of satellite recordings perturbed with 

random noise a r e  presented to  i l lustrate  the noise- 

immunity character is t ic  of pulse -frequency modulation. 
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PULSE -FREQUENC Y MODULATION TELEMETRY 

. 

by 
Robert W .  Rochelle 

Goddard Space Flight Center 

I. INTRODUCTION 

The problem of communicating over large distances with minimum 

power is particularly challenging in light of the advances in information 

theory during the las t  two decades. With this theory as a guide, a num- 

ber of interesting types of communication systems can be postulated 

which, in the limit, approach the theoretical maximum communication 

efficiency. The encoding methods of some of these communication sys-  

tems  a r e  exceedingly complex in their implementation. The ideal type 

of system is one which retains  the high communication efficiency with 

little loss  in simplicity, Pulse -frequency modulation is an  attempt to 

fulfi l l  these two basic cr i ter ia .  

Pulse-frequency modulation ( P F M )  has been successfully employed 

as the information encoding technique in a number of small  (< 200 lbs. ) 

scientific satell i tes and space probes where reduction of spacecraft  

power and weight a r e  prime considerations. The use of such systems 

resu l t s  in greater  percentage of the spacecraft available for  scientific 

instrumentation. 
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I -  I .  

A. The Encoding Problem 

The concept of modern telemetry includes the gathering and encod- 

ing of information at a remote station, transmitting this encoded signal 

to the receiving station, and there  decoding the signal and presenting 

the measurements  in an acceptable form.  Attenuation of the t r ans -  

mitted signal is usually a salient factor because of the physical separa-  

tion between the transmitting and receiving apparatus. If attenuation is 

low, the choices of the encoding and modulation methods a r e  not cr i t ical ;  

thus methods leading to simple and reliable systems a r e  usually e m -  

ployed. With the introduction of attenuation in the t ransmission path, 

interference in various forms  may per turb the signals and cause e r r o r s  

in the transmission. 

minimize the effects of these "noise" perturbations. 

improvement or  immunization to noise that can be accomplished is 

governed by Shannon's channel capacity theorem :1 

i 

Proper  encoding of the information, however, can 

The amount of 

c = 3310g2(+ P + N  

where C = channel capacity (bits per second), B = channel bandwidth, 

P = signal power, and N = average noise power. 

A s  the signal power is decreased, the bandwidth of the encoded sig- 

nal mus t  be increased to maintain the same channel capacity and prob- 

ability of e r r o r .  

Various 'schemes can be concocted to take advantage of Shannon's 

channel capacity theorem and thereby reduce the t ransmit ter  power fo r  
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the same information rate .  Kotel'nikov2 has  described the general  

theory of high-efficiency encoding. The problem i s ,  of course ,  t o  ap- 

proach the Shannon channel-capacity limit as closely a s  possible, with- 

out requiring unduly complex equipment. 

A practical  example of this  problem is the telemetering of scien- 

tific data f r o m  satell i tes and space probes. Since the spacecraft  power 

is limited, savings in t ransmit ter  power due to efficient coding can ex- 

tend either the range, the information r a t e ,  o r  both, This improvement 

is greater  in the small satell i te class (<200 lbs . ) ,  where a l a r g e r  per-  

centage of the satellite weight is devoted to the t ransmit ter  power system. 

B. History of PFM 

With the entry of the United States into space exploration, a light- 

weight low-power telemetry system was needed. Such a system: uti- 

lizing the noise-reducing properties of frequency modulation and the 

error-reducing properties of pulse-code modulation, was used in the 

fir st Vanguard scientific satellite and ultimately achieved orbit  as Van- 

guard 111 in September 1959. The 48-channel telemetry encoder weighed 

six ounces (unpotted) and required 12 milliwatts. Pulse-frequency 

modulation, a s  the system was called, was used again on the Ionosphere 

Direct Measurements Satellite, Explorer VIII, orbited in November, 

1960. In April 1961 the space probe Expiorer X ,  measuring the inter-  

planetary magnetic field, was sent to an altitude of 150,000 mi les  with 

pulse-frequency modulation as the encoding technique. Since then, four 

m o r e  scientific satell i tes have been orbited with pulse-frequency modu- 

lation te lemeters :  Explorer XI1 provided continuous measurements  of 

3 



the energetic particles i n  the Van Allen radiation belts out to 50,000 

miles ;  the ionosphere satellite Ariel I was a joint cooperative effort be-  

tween the United States and the United Kingdom, the experiments being 

supplied by the United Kingdom and the spacecraft  by the United States;  

Explorer XIV was a follow-on for Explorer XII; and Explorer XV, 

launched in October 1962, performed a study of the artificially enhanced 

radiation belts. Two additional satellites to be launched in the near 

future - the  Interplanetary Monitoring Probe and the follow-on to 

Ariel  I - will both use pulse-frequency modulation a s  the encoding 

technique. 

11. CHARACTERISTICS O F  PULSE-FREQUENCY MODULATION 

A. General  Description. 

Consider a time function f ( t )  which i s  band-limited between ze ro  

and 1]/2T, cps. The function may be completely described by a se r i e s  

of impulses with separationTo and of a r e a  f l (nTo) with n = -a 0 . -  -2,-1, 

0, 1 , 2 ,  ..- + a. A s  to the ways in which a sequence of these t ime 

samples may be encoded for transmission over a telemetry link, sev- 

e r a l  choices a r e  available. The method under consideration here  is to 

encode the magnitude of the a r e a  of each impulse a s  the frequency of a 

pulsed subca r r i e r ,  the duration of the pulse being some fraction of the 

sample t ime To. 

quency proportional to the amplitude of a data sample,  comprises the 

Thus, a t ra in  of sequential pulses,  each having a f r e -  

basic configuration for pulse -frequency modulation. 



1. Format  

The signals f , ( t )  may not necessarily be analog in nature. 

sizable fraction of the experiments aboard spacecraft  yield digital sig- 

nals ;  and f rom a signal-to-noise viewpoint it is desirable to retain this 

digital character ,  

sented as a single digit of a higher-order base. 

a r t  of PFM telemetry allows the encoding of three binary bits as  one 

A 

The binary digits of the signal a r e  combined and p re -  

The present state of the 

digit to the base eight; that is, three binary digits a r e  encoded a s  one 

of eight frequencies. A special digital pulsed-subcarrier oscillator4 

has  been developed for  this purpose; it is res t r ic ted  to oscillate at  only 

one of eight possible frequencies, depending on the value of i t s  three-bit  

input. In this manner ,  the complexity of the switching circuitry in the 

encoder is materially reduced, since the readout of accumulators and 

sca le rs  is accomplished three bits at a t ime instead of serially. 

Since both analog and digital signals a r e  encoded as pulse frequen- 

c ies ,  they may be mixed in any order in the multiplexing. Any one 

channel may be subcommutated t o  extend the number of signals fm( t 1 

which may be encoded, with a corresponding reduction in the signal 

bandwidth. 

The presently used format  for P F M  specifies sixteen sequential 

The f i r s t  channel is de- channels a s  comprising a telemetry frame.  

voted to synchronization; the remaining fifteen a r e  distributed between 

the analog and digital data to be telemetered. Sixteen sequential f r ames  

comprise  a telemetry sequence of 256 pulses (sixteen of them devoted 

to synchronization). 
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The f rame format and the sequence format a r e  shown in Figure 1. 

2, Synchronization 

Synchronization i s  assured  in two ways. The f i r s t  i s  to increase 

the energy in the synchronization pulse by increasing i ts  length 50 pe r -  

cent, The second is to utilize a unique frequency outside the data band 

for the sync pulse. To provide a means for identifying the subcom- 

mutated data, the frequency of the sync pulse in every other telemetry 

f rame is stepped in sequence through eight frequencies. These f r e -  

quencies l ie in the data band and a r e  the same as the eight frequencies 

of a digital oscillator. In noisy conditions, the energy at the sync  f r e -  

quency may be s tored in a memory device over a number of f r ames ,  

improving the sync signal-to-noise ratio. This , of course ,  increases  

the acquisition t ime but is  a necessary compromise in regions of poor 

signal-to-noise ratio. 

B. Design Considerations. 

Let us investigate a few factors  which a r e  necessary in a P F M  

telemetry system. Consider again the analog t ime function f , ( t 1 .  Let 

the maximum value of f,(t 1 be defined as the full-scale value F, of the 

channel. Now let F, be divided intoN equal parts.  Then the magnitude 

F 

ible change between two samples of f ]. ( t  1 .  

by the requirements of the experiment being telemetered. 

N represents  the precision of the system and is the smallest  discern-  

The value of N is determined 
1/ 

F o r  smal l  

scientific ,satellites, a precision factor 1/N of 0.01 o r  one percent of the 

full-scale value is normally considered adequate, For  experiments 
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such as  the flux-gate magnetometer, which depend upon measuring the 

modulation of the magnetic field by the satel l i te ' s  spin, precisions to 

0.1 percent a r e  desirable,  although accuracy better than one percent is 

not necessary.  For  analog signals encoded with P F M ,  the precision is 

a function of the signal-to-noise ratio. At close range, the precision is 

an order  of magnitude better than at maximum range. This feature is 

equivalent to a variable bit-rate. 

Since the frequency of the pulse contains the signal information, a 

measurement  precision of one percent, for example, requires  that the 

detection system be able to discern 100 different frequencies. The total 

frequency band B is therefore  divided into 100 equal parts.  The separa-  

tion between frequencies, A f ,  , becomes B /  100. The power spectra  of 

the pulses have zeros  of power density on each side of the center f r e -  

quency at multiples of the reciprocal of the pulse length T ;  and T is de- 

termined by the sampling r a t e  necessary to telemeter the highest f r e -  

quency of f 

the power spectrum should then fall at multiples of B/  100, or A f ,  = l/T. 

This gives the relation between the bandwidth, precision, and pulse 

length: 

t 1 at least  better than at the Nyquist ra te .  The zeros  of 

N 
B T ,  

where B = total bandwidth, 1 / N  = precision constant, and T = pulse 

length. 
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The foregoing analysis was made on the basis of the sampling t ime 

of a single channel f ( t  1 determining the pulse length T,  Since t ime-  

division multiplexing is used, the pulse length must be shortened in 

proportion to the number of commutated channels, Thus the bandwidth B 

will increase in proportion to the number of commutated channels. 

With the application of Equation 1 we a r e ,  in effect, predicting that 

our sample will assume any one of N o r ,  in this case,  100 discrete  am- 

plitudes. 

t e red  in one of the 100 equal par ts  of width A f ,  in the band B. 

The power spectrum for any one of these amplitudes is cen- 

A f i r s t -order  solution to the detection problem i s  to arrange 100 

contiguous bandpass f i l ters  with bandwidth A f ,  

width B. 

can select the filter with the greatest output. Thus the signal is quan- 

tized into one of 100 possible levels. 

sample would not necessarily cause the frequency to fall exactly in the 

center of any one of the 100 filters. The output then would diminish in 

that filter and r i s e  in an adjacent filter. 

is changed, the maximum-likelihood detector will indicate that the 

adjacent filter has acquired the signal only when the response in the 

adjacent fi l ter  r i s e s  above the output of the original f i l ter .  

tions of good signal-to-noise r a t i o  the filter with the greatest  output can 

be gated into a discriminator to  measure the frequency m o r e  precisely 

than one percent. 

= 1/T to cover the band- 

A maximum-likelihood detector on the outputs of the fi l tecs 

The original amplitude of a 

As the amplitude of the sample 

In condi- 

Rather than sampling only at t imes nT, the pulse frequency can be 

a continuous representation of the amplitude of the sample for the whole 



duration of the pulse T. The use of a discriminator on the output of 

the contiguous filters can determine not only the average amplitude dur-  

ing the t ime T but also the ra te  of change of amplitude, Having the latter 

information is equivalent to doubling the sampling rate.’ 

111. NOISE ANALYSIS 

Pulse-frequency modulation can be exemplified by a special set of 

binary coded sequences which a r e  selected because of their ease  of 

generation. Of pr imary  interest  a r e  the character is t ics  of this code se t  

in the presence of noise. Various methods a r e  available to aid in r e -  

covering the signal se t  f r o m  noise; the optimum method is to use 

matched f i l t e rs  with maximum-likelihood detection, The number of 

f i l ters  employed is a function of the desired efficiency of encoding: 

to obtain n-bit precision for a single word, 2”-’ f i l ters  a r e  required. 

The matched-filter technique has been well reported in the literature!” 

The idea is to force the power spectrum of the impulsive response of the 

fi l ter  to be identical to the power spectrum of the sigrlal. Although the 

use of matched f i l ters  is the most desirable method, there a r e  many 

situations in which unmatched fi l ters can markedly reduce hardware 

and implementation complexity without too greatly degrading the signal- 

to-noise ratio. Noise analyses differ, depending on whether one con- 

s iders  the f i l ter  in the detection system to be matched or  unmatched. 

We shall  first concern ourselves with the unmatched filter in the de- 

tection system, and calculate the probability of word e r r o r  a s  a function 

of signal-to-noise ratio. 
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A. Unmatched Fi l ter ,  

The use of unmatched f i l ters  for PFM signals in  which the number 

of quantized levels exceeds eight (n = 3 )  can simplify the detection 

system's  operation as compared to that of a matched-filter set. The 

unmatched-filter se t  would consist of N contiguous bandpass fi l ters 

where N is the number of quantized levels in the signal. White additive 

Gaussian noise with a power density of No watts/cps,  whea passed through 

one of these f i l ters ,  will have a variance of 9 watts in  the output. 

may represent  the noise output of a narrow-band filter by the use of 

in-phase and quadrature components : 

We 

where x( t 1 and y( t 1 a r e  random variables. The frequency spectra of 

x( t 1 and y( t 1 do not extend up to  the center frequency w,, . The mean- 

square-deviation o r  variance u2 is  the sum of the variance of the in-phase 

and quadrature components, o r  u2 = 0: tu * (the covariance between the Q 

in-phase and quadrature components is zero); also,  u2 = 0:/2 t u;/2 . 

1. Ideal F i l te r  

Consider a single ideal filter of bandwidth Aw and center f r e -  

quencywO. 

cer ta in  probabilities may be assigned to the noise characterist ics to 

Although the noise output of the filter cannot be predicted, 

permi t  evaluation of the long-term effect of the presence of the noise. 

Fo r  the unmatched f i l ter  case we shall concern ourselves mainly with 

the probability density function of the envelope amplitude of the noise 
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output, since an uncorrelated detector produces a voltage proportional 

to the envelope of its input. 

First, the amplitude of the noise in the output of the unmatched 

fi l ter ,  like that of the input, has a Gaussian probability density function. 

Positive and negative amplitudes are  equi-probable, with zero being the 

most  probable value. 

When the output of the fi l ter  is  passed through a simple detector 

with the characterist ics 

ed = - n ( t )  f o r  n ( t )  5 0 , 

ed = t n ( t 1  f o r  n ( t )  1. 0 ,  

} ( 3 )  

where n (  t 1 = noise voltage input and ed 

wave rectification of the output occurs. 

put yields i l x (  t ) I 
u (  t 1 (Equation 2) .  

= detector voltage output, full- 

Smoothing of this rectified out- 

+ l y (  t ) I , which is the amplitude of the envelope of 

The amplitudes of the noise output of the detector have a Rayleigh 

probability density function' given by: 

where r is the amplitude of the envelope of u ( t )  and 0; i s  the variance 

of the noise ~ ( t ) .  

density function for noise alone. 

Figure 2b includes a plot of a Rayleigh probability 
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The addition of a sinusoidal signal to the noise causes  a shift in 

the envelope-amplitude probability density function a s  predicted by 

Rice Adding a sine-wave c a r r i e r  of ampli- 

tude C, and phase B o  to the noise displaces the peak of the probability 

density function as shown in Figure 2(a) .  The probability of an enve- 

lope with amplitude r becomes: 

in his equation (3.10-1 1). 

r 

u 2  
- P(r )  = - e 

where 

1 r C, cos (B - B,) 
2 de 

I,(?) = CTe ux , 

i s  the modified Bessel  function of the first kind of order  zero.  

2. Word E r r o r  Probability 

We have examined the action of an  individual ideal bandpass fi l ter  

and, given a signal-with-noise input, determined the probability of a 

particular output. Let us  now look at the action of signal and noise as 

an input to a bank of parallel  bandpass f i l ters  (the band-edges of the 

f i l t e rs  a r e  touching). With Nfilters a frequency range of N A 4 2 7 - r  is 

covered. It should be remembered that the pr imary  advantage of PFM 

is that each PFM word is  orthogonal to any otherword in that PFM set. 

This forces  a uniqueness in the power spectrum of each word, resulting 

in a bandwidth en,ua!, t~ the prndiicts of the number of words in the PFM 

se t  and the bandwidth of the power spectrum of a word. 
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Consider a P F M  word and white additive Gaussian noise a s  an in- 

The sinusoidal frequency of the word l ies in put to the bank of f i l ters .  

the center of one of the N bandpass f i l t e rs ;  and the probability density 

function for  that f i l ter  will appear a s  i n  Figure 2(a), while those of the 

remaining N-1 f i l ters  will appear as  in 2(b). Ultimately we a r e  looking 

for a number which represents  the rat io  of the number of t imes that 

noise in one o r  m o r e  of the N-1 f i l ters  is greater  than the signal-plus- 

noise in the co r rec t  filter. This figure is defined as the word-error  

probability. 

In Figure 2(b), the shaded area  represents  the probability that the 

envelope amplitude of one filter is l e s s  than the threshold r, .  

probability that - all the f i l ters ,  excluding the one with the signal, have 

amplitudes l e s s  than r ,  is  P(r  < ro)N- l .  

of the amplitudes is greater  than r, then becomes 1 - P ( r  < r 

By increasing the threshold r, by the amount Ar, , we can se t  up the 

The 

The probability that a t  least  one 

N - l  { 0)) ' 

which gives the same  e r r o r  ra te  for N-1 f i l ters  as that of a single filter. 

The fact that the signal amplitude would also be increased by an amount 

Aro is m o r e  than compensated for by the fact that the information r a t e  

has  been increased by log, (100) over that of a single fi l ter .  If we wish 

to keep the information ra te  constant, the bandwidth of each of the N fil- 

t e r s  can be reduced by the factor l / log,  ( loo) ,  substantially decreasing 

the signal power needed to maintain the same  word-error  probability 

at the same information rate.  
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The calculation of the word-error-probability curves  for a se t  of 

2 ”  uncorrelated fi l ter  outputs may proceed generally a s  above; i.e.,  

the probability that an output is correct  i s  calculated and then sub- 

t racted f rom unity to give the probability of e r r o r .  The probability of 

one of the N-1 f i l ters  having an amplitude equal to o r  l e s s  than the en- 

velope amplitude r o  of the fi l ter  containing the signal is given by the 

following probability distribution function: 

J O  

However, the probability that no noise amplitude in any one of the N-1 

f i l ters  exceeds r o  is the probability distribution function raised to the 

power N-1. 

filter has the amplitude r o  is given by: 

The probability that the signal-plus-noise in the cor rec t  

J O  

Then the joint probability that none of the N-1 f i l ters  has noise exceed- 

ing r o  and that the signal-plus-noise in the cor rec t  filter has the am- 

plitude r o  is : 

14 



To find the total probability that the cor rec t  f i l ter  amplitude is 

always grea te r  than any of the amplitudes in the N-1 f i l t e rs ,  the inte- 

gration is performed over all values of r o  f rom ze ro  to infinity, The 

word-error  probability P , ( N )  is then one minus this quantity: 

This equation was programmed on an IBM 7090 digital computer 

for various numbers of f i l ters ,  and the result ing curves a r e  shown in 

Figure 3. 

tion 15. 

be made to Viterbi 's  curves.I0 for "greatest  of" detectors  using matched 

f i l t e rs .  There is, however, one difference to be noted. In the denomi- 

nator of the abscissa  of Figure 3 the noise power density i s  taken as 

kT, watts/cps where k is Boltzmann's constant and T, is the total noise 

temperature  at the input to the detector. In the matched filter case  

Viterbi has  defined the noise power density as kT,/2 which a s sumes  

equal power a t  negative frequencies. 

The value of n in the figure is equivalent to logz N of Equa- 

This notation was maintained so that direct  comparisons can 

B. Multiple Matched Fi l te r .  

A matched filter per forms essentially the process  of c ros s -  

correlating the signal-plus-noise with a s tored matching signal. It is 

of the s ig-  

15 



for 1 = m ,  is a maximum when 7 = 0, If other signals a r e  added to the 

set  such that 

then any one fi l ter  in the set  of matching f i l ters  will respond to only one 

signal in the se t ;  that i s  

* Io f , ( t )  f , ( t )  dt = 0 for 1 # m 

and 

By observing the output of the fi l ters when 7 = 0 (maximum autocor- 

relation),  a probability can be established that the matched filter with 

the greatest  output contains the signal. The e r r o r  probability is then 

one minus the probability of being cor rec t ,  

We have not stated the waveform for the set  of signals f , ( t ) .  It 

is  possible to use  any orthonormal se t  such a s  Legendre polynomials, 

Bessel  functions, elliptic functions, and sine functions. P F M  is based 

on the use of a se t  of sine functions having orthonormal properties.  
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In calculating the word-error  probability fa r  the matched f i l t e r s ,  

the same procedure i s  followed as for  the case  of unmatched f i l t e rs  

except that the character  of  the noise i s  changed, This noise has  a 

Gaussian probability density, and the probability that there i s  no ampli- 

tude greater  than xo in a fi l ter  which has  no signal i s  given by the inte- 

g r a l  of the Gaussian probability density function f rom -00 to xo . Raising 

this probability distribution function to the power N-1 gives the proba- 

bility that there  is  no output greater than xo inanyof the N-1 f i l ters .  The 

probability that there  is  an output at xo in the co r rec t  f i l ter  and that none 

of the other f i l ters  has  an amplitude greater  than xo is 

\ N - 1  (x 0%) 

where urn2 = variance of noise at output of matched f i l ter ,  and C, = am-  

plitude of signal a t  output of matched filter. 

The probability of being correct  for any amplitude xo i s  this integral 

over all values of xo f rom x o =  --CO to +a; and the probability of an e r r o r  

i s  one minus that probability, o r  

\ 
- m  

2 \ N-l x o  x (xo-co) 

i .= 
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These curves also have been programmed for  computation on an IBM 

7090 digital computer, and the results a r e  plotted in Figure 4 for dif- 

ferent  values of n, the log, of the number of f i l t e rs  used, 

power density factor in the abscissa of Figure 4 i s  kTn/2 a s  previously 

defined. 

The noise 

IV. EXPERIMENTAL RESULTS 

A. Spectral  Analysis 

The operation of a set  of contiguous f i l ters  combined with a 

maximum-likelihood detector can become quite complicated, especially 

when i ts  signal is derived f rom magnetic-tape recordings of actual 

satell i te passes.  Since the output is influenced by many variables 

evaluation in conditions of poor signal-to-noise ratio is difficult. To 

obtain a more  qualitative estimate of the value of the contiguous filter 

system, an experimental system was se t  up to make measurements  

under actual noisy conditions. 

The equipment consisted of a tape scanner which performs the 

same task a s  an endless-loop tape recorder .  The tape scanner has a 

seven-track reproducing head mounted on a revolving one-foot-diameter 

disk. 

many t imes and the output observed on an oscilloscope. 

Thus, one portion of a magnetic-tape recording can be scanned 

By inserting a wave analyzer between the tape scanner and the 

oscilloscope, the spectral  content of the signal for any pulse duration 

T and ban&<i&h cw, be A aiia:i;zc' set a baridwidth 

of 100 cps was used to obtain the envelope of the signal and noise over 

the range f r o m  3.6 to 16.4 kc. 
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By very  slowly changing the center frequency of the analyzer a6 a 

section of tape i s  scanned, a spectral  analysis of  the signal can be made, 

The output of the analyzer is used to intensity-modulate the beam of the 

oscilloscope as the sweep is being triggered at each revolution of the 

scanner. The analyzer 's  d. c. output voltage, which is proportional to 

the position of the frequency dial, is used on the y-axis of the oscil- 

loscope in the same manner as the ver t ical  deflection on a television 

r a s t e r .  A t ime exposure of the oscilloscope face produces a high- 

quality spectral  analysis of the signal: the x-axis represents  t ime, the 

y-axis is  a function of the frequency, and the intensity represents  the 

energy in a f i l ter  at a particular time. 

To demonstrate the noise-immunity character is t ics  of PFM,  the 

signals f r o m  the satellite Explorer XI1 at a range of 65,000 k m  were  

processed with the experimental equipment. Two spectral-analysis 

photographs were  taken of each telemetry frame;  one covered the f r e -  

quency range f rom 4.5 kc to 10 kc and the other f rom 10.Okc to 18.Okc. 

A composite photograph was made up f rom the twelve photographs of each 

six f r a m e s  (Figure 5) .  

axis ,  the frequency dial was motor-driven at a ra te  sufficient to yield 

a t  l ea s t  300 horizontal l ines per  photograph; this gives an effective 

600 l ines  in the ver t ical  dimension. 

To maintain high resolution along the frequency 

This method of spectral  analysis is not extremely effective for  

presenting noisy data,  since the number of intensity levels that the 

human eve can  distinguish is fairly limited. To increase the contrast  

between signal and noise, the waveanalyzer output was passed through 

19 



an RC network which added a small fraction of the derivative of the 

input to i t s  output. The objective is to achieve a "three-dimensional" 

look by casting I1shadowstt on one side of each P F M  pulse. Although 

very prominent on the original photographs, some of this effect is lost 

in reproduction, 

V. CONCLUSIONS 

A number of successful spacecraft  have been flown with pulse- 

frequency modulation as  the encoding technique, In decoding their  

analog data,  a se t  of contiguous f i l ters  was used to extract  the magni- 

tude of the original signal. Since the individual f i l ters  were not flat 

within their passbands, degradation of the signal-to-noise ratio oc-  

cu r red  if the encoded signal did not fall exactly in the center of a f i l ter .  

Also, for response -time considerations, the filter bandwidth was 

c 

equated to the reciprocal  of the pulse length. 

correlation techniques using maximum-likelihood detectors ,  the mea-  

surement  resolution can be doubled for the same pulse length without 

increasing the baseband width. This emphasizes an outstanding char - 
acter is t ic  of pulse-frequency modulation: Quantizing e r r o r s  for analog 

signals a r e  not forced into the data a t  the source;  r a the r ,  the quantiza- 

tion is accomplished during the data reduction. The manner of encodini 

the signals approaches the maximum communication efficiency; the 

amount of enhancement of the signal-to-noise ratio depends on the 

sophistication of the decoding process.  

By employing c r o s s -  

E r r o r  -probability curves  have been derived for the unmatched- 

f i l ter  set  with maximum-likelihood detection when perturbed by 
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Rayleigh noise. The matched-filter case  has been given so that direct  

comparisons may be made. With large signal-to-noise ra t ios ,  the word- 

e r r o r  probability as  given by the Rayleigh probability density function 

approaches within 3 db the e r r o r  probability for the matched filter given 

by the normal  probability density function. At lower signal-to-noise ratios , 

the matched fi l ter  becomes appreciably better than the unmatched 

type; however, at these low values of signal-to-noise ra t io  the high 

e r r o r  probability usually renders  the data useless.  
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Figure 5 .  Spectral Analysis of PFM Telemetry Signals from Explorer=, December 6, 1961, at 18:ll. 
Range, 65,200 km; Power, 1.5 watts; Filter Bandwidth, 100 cps. 


